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Abstract

Hands-on models will suggest conjectures about geometric similarity with respect to simplexes and the subsequent impact upon constructs.  Such conjectures will be verified.  Participants will be guided to get a glimpse and feel for the geometric relationships.

Paper

Similar cubes and simplexes can provide insights about corresponding measurable attributes between similar cubes, simplexes and constructs.  The measure of the interior of an n-dimensional geometric figure, 
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 EMBED Equation.DSMT4  [image: image5.wmf]n
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, is the non-negative number of n-dimensional  unit cubes, 
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, that tessellate the figure.  Simplexes tessellate geometric objects.  The measure of the interior of any n-dimensional simplex,
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, in terms of edges is: 
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 represents the numerical part of the distance between two vertices 
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 and 
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, of 
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 and the initial vertex of 
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 is 
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.  Constructs can be tessellated by simplexes using the vertices of the construct.  Consequently, a common strategy in determining the measure of a construct, is to tessellate with simplexes, determine the measure of each tessellating simplex and the measure of the construct is the sum of the measures of the simplexes.  Cubes and simplexes not only provide perceptions about similarity between cubes and simplexes but also provide conjectures about constructs from both a discrete and a real number basis.  The following discussion will focus upon having a geometric figure and creating a similar figure by keeping the corresponding angles congruent and multiplying corresponding edges by a non-negative constant, 
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, and the constant will be greater than 1 without loss of generality.  Discrete examples, determined by integral constants, will provide preliminary conjectures that will be followed by discussions where the constant is any non-negative real number.
A zero-dimensional cube, 
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, is also a zero-dimensional simplex, 
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, which is a point.  The measure of a point is one of the zero-dimensional unit cubes, since a zero-dimensional unit cube, 
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, is also a point and a point tessellates a point, P, 
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 EMBED Equation.DSMT4  [image: image21.wmf]0

()1

mPu

=

.  If one multiplies each edge of a zero-dimensional cube or simplex by a non-negative integer or real number constant, 
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 , the result is still a point, a similar point, SP, (actually a congruent point) since points have no edges and the measure stays the same,
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, of points.  If one allows G to represent the sum of the measures of the points (vertices) of the cluster, (G, representing the sum of the measures of points/vertices, was coined by some of my elementary school students.), then 
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.  Suppose one multiplies each edge of the cluster, 
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, by the non-negative real number k and preserves the corresponding angles.  The figure generated would be a similar/congruent cluster, 
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, since 
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 had no edges.  
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.  Although applying the simplex formula is not necessary to the discussion at this juncture, doing so may set the scene.  So, we started with a point P, which is a 0-D simplex, 
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, which has/is an initial vertex 
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, depicted below.  
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The measure of the simplex is: 
[image: image33.wmf]00

000

0

11

()1

0!2

mIntsDuu

´

==

.  As before, use SP as the similar figure.
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The measure of the cluster/construct, C, depicted below, is the sum of the measures of the tessellating simplexes: 
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A similar cluster/construct, SC, is determined by multiplying each edge of C by a constant c and preserving the angles, depicted below.  The measure of SC is the sum of the measures of the tessellating simplexes:
[image: image38.wmf][

]

5

00

0,

1

()()5()

i

i

mIntSCmIntSsukmIntC

=

===

å

.

[image: image39.emf]

A one-dimensional cube, 
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, is also a one-dimensional simplex, 
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, a line segment.  Let us consider a line segment such that the measure is 
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, depicted below.  The measure of length will be referred to as perimeter, P.   
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Notice that the in-put data is the same as the out-put data, as expected.  This result will be used in future calculations.

Suppose one multiplies each edge of the line segment by k, such as depicted below.
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From the previous work we get 
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.
A construct tessellated with one-dimensional simplexes could be a simple open tri-lateral, depicted below.
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Now, suppose each edge of 
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 is multiplied by a constant k where the angles are preserved.  The resultant construct, 
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, is depicted below.  
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From a tessellation perspective:
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A two-dimensional cube is not the same as a two-dimensional simplex.  A two-dimensional cube is a regular quadra-lateral (naming figures according to the number of facets).  The attributes of a cube can be calculated easily.  Suppose one considers the 1-D cube, 
[image: image60.wmf]2

c

, depicted below.
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Suppose one multiplies each of the edges of 
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 by k.  The resultant similar cube, 
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, is depicted below.  
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Consider a two-dimensional simplex, 
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, depicted below.
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Specifically, for those who would appreciate such:
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Consider multiplying each edge by k and preserving the angles, getting a similar two-dimensional simplex, 
[image: image80.wmf]2
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, depicted below.
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Specifically, for those who appreciate such, suppose k=4:
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.
Depicted more colorfully with a focus upon tessellation:
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Using discrete models and the idea of tessellation seems to be an ideal mode for stimulating students in capturing the role of the constant with respect to similar geometric figures.  Another two-dimensional example is depicted below.  
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Reasonably clearly: 
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Consider a two-dimensional construct, 
[image: image100.wmf]2
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, tessellated by two-dimensional simplexes using the vertices, a penta-lateral with two points of concavity depicted below.
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In order to determine the area using the simplex formula one would tessellate 
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.  From the previous work on 2-D simplexes we get the following: 
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Consider multiplying each edge of 
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 by k and preserve the angles, getting a similar figure, 
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, depicted below.
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, which from previous results is: 
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For those with an appreciation for specifics consider the following with respect to the same figures.
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Depicted more colorfully with a focus upon tessellation:
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Another example focused upon tessellation follows.  As previously stated, students, even students at the elementary and middle school levels, can perceive the role of the constant with respect to geometric similarity and the corresponding attributes.
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Constructing two-dimensional images of three-dimensional figures is a chore.  First, consider cubes.  Below is an image of such a cube where the measure of each edge is 
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Construct a similar cube, 
[image: image150.wmf]3
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, by multiplying each edge by k and preserving the angles, depicted below.

[image: image151.emf]

[image: image152.wmf]33

30000

()8(8)

i

Scc

GmvofScukukG

====

å

, 
[image: image153.wmf]33

3111

()12(12)

i

Scc

PmeofSckaukaukP

====

å

, 
[image: image154.wmf]33

3222222

()6()(6)

i

Scc

AmfofSckaukaukA

====

å

, and 
[image: image155.wmf]33

3333333

()()()

Scc

VmIntofSckaukaukV

====



A two-dimensional image of a three-dimensional simplex, 
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, is depicted below.
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Multiply each edge of 
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 by k and preserve the angles thus constructing a similar simplex, 
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, depicted below.

[image: image170.emf]

[image: image171.wmf]33

0000

3

()4(4)

Ssis

GmvofSsukukG

====

å

, 
[image: image172.wmf]33

111

3

()()()

Ssis

PmeofSskakbkckdkekfukabcdefukP

==+++++=+++++=

å

, from previous results one gets the following results: 
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The last results may not be clear, 
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Consider the three-dimensional construct, 
[image: image176.wmf]3
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, below, a simple version.
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The red tri-lateral is a common facet between the two three-dimensional simplexes which tessellate the three-dimensional construct 
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Each edge of the figure below, 
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, is multiplied by a k and the angles are preserved.  
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The following are some specific results starting with a two-dimensional image of a three-dimensional simplex, 
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, with no attempt at drawing to scale.
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Multiplying each edge of 
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 by 3 and preserving the angles constructs a similar simplex, 
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, depicted below.
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Considering another three-dimensional simplex below, there is a common facet determined by 
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 such that the initial three-dimensional simplex and this simplex, 
[image: image205.wmf]3,2

s

, will construct a three-dimensional construct, 
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.  This simplex will be depicted below, followed by a similar simplex where k=3 again, so that the common facet will fit the similar construct, 
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, the construct will be depicted later and the similar construct will be depicted still later. 
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One cannot help but notice that for the specific cases with integral results in the paper the Heronian Simplexes have been chosen.  


The cover design is a three-dimensional simplex followed by a similar three-dimensional simplex where k=4, also depicted below.
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The similar simplex does not particularly shed any insights as to the corresponding measures of the corresponding attributes.  Below is a two-dimensional image of the same similar simplex.  Clearly the two-dimensional image does not shed much insight into the corresponding volume, without interpretation.

Clearly: 
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, and reasonably clearly, looking at the two observable facets 
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.  Notice each red stem.  Each stem is surrounded by four simplexes such that the volume of each is the same as the volume of the initial simplex, 40.  Each mirror image of the initial simplex, up-side-down, is denoted with the blue solid lines and has the same volume as of the initial simplex, 4.  The black dashed lines locate the tri-gonal number of right-side-up simplexes congruent to the initial simplex, which is the sum of the first four tri-gonal numbers, 20.  Notice: 40+4+20=64, 64 simplexes each with the same volume as the initial simplex, 
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.  The counting is much easier with  three-dimensional models.
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Briefly, the following is true: Let 
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 for an initial n-D simplex, 
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.  Multiplying each edge of the initial simplex by k and preserving the angles results in a similar n-D simplex, 
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, such that the i, j term of the determinant has a factor of 
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.    Consequently the suggestions of discrete hands-on models not only hold true for the modeled simplexes but also for all n-D simplex.  Thus such extends to similar n-D constructs.
This has been fun and I hope that it provides fun for you.
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